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Abstract 
The dynamics of ideal ferrofluids with internal rotation and frozen-in magnetization is discussed on the basis of Poisson brackets 
method. The magnetization relaxation equation is derived from requirement of irreversible thermodynamics that the local rate of 
entropy production is positive for arbitrary field deficiency. 
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1. Introduction 
 
The most frequently used method of deriving a complete set of basic equations for magnetic fluids with internal 
rotation is the method based on the formulation of Maxwell's equations for the fields and the balance equations of 
mass, momentum, angular momentum and energy. Both the hydrodynamic equations of motion and the magnetic 
relaxation equation have been proposed in different forms [1,2,3,4]. It has been emphasized [2] that a proper 
macroscopic theory must take account of the principles of irreversible thermodynamics. The requirement that the 
local entropy production be positive definite impose limitations on the nature of the equations [2]. The method of 
the conservation laws requires lengthy and rather complicated calculation [1,2]. Therefore we would like to recall of 
the fact that there exists an alternative method of deriving the complete system of equations describing an ideal 
ferrofluid - the Poisson brackets (PB) method [5], which is characterized by perfect automatism. In our work [6] the 
PB method was used in order to obtain the Hamiltonian equations of ferrohydrodynamics with frozen-in 
magnetization. Earlier it was shown [7-8] that the anisotropy of sound propagation in ferrofluids [9] can be ac-
counted for by the concept of frozen-in magnetization. This raises the question how this concept can be incorporated 
into the basic equations for magnetic fluids with internal rotation by means of PB method. It is one of the main 
purposes of presented work. We also derived the magnetic relaxation equation using the principle of irreversible 
thermodynamics requiring positive local entropy production. 
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2. Poisson brackets method in deal ferrohydrodynamics with internal rotation 
  
It is initially necessary, using the first law of thermodynamics, to concretize the potential part of the Lagrangian 
of the system. In the absence of an external magnetic field, each physically infinitesimally small element of the 
volume of the magnetic fluid is in a magnetic field, which is determined by the distribution of magnetization in the 
suspension itself. However, the complete set of equations of hydrodynamics of an ideal nonconducting fluid should 
contain a continuity equation, which expresses the law of conservation of the sample mass. In connection with this, 
as the physical variables describing the displacements of the fluid, we should select density  tx,&UU  , entropy 
 txss ,& , the vector of specific magnetization  txmm ,&&&  , and the velocity  txvv ,&&&  . For the medium under 
consideration, the starting equation for varying the bulk density of energy in the case of the absence of hysteresis 
can be represented in the form 
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where  ms &,,UHH   is the density of the internal energy, mM &
&
U  is the magnetization of the fluid, and H
&
 is the 
magnetic field strength. Therefore, the functional of the total energy of the magnetized nonconducting fluid is 
represented in the form 
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To formulate the complete Hamiltonian set of the equations of ferrohydrodynamics, along with Eq.(2), the 
continuity equation, and the adiabaticity conditions, the equation of evolution of specific magnetization is necessary. 
In substantiation of this equation we will start from the conservatism condition of the system in the case of ideal 
ferrohydrodynamics, i.e. to the first approximation, we are assumed the dissipative processes to be absent. Let us 
also note that, in the equilibrium state, the distribution of the specific magnetic moment is found from the equation 
[2,7] 
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                (3) 
Thus, energy functional (2), the equation of continuity, the condition of adiabaticity, andin the case of ideal 
ferrohydrodynamics, the Maxwell equations for a nonconducting medium, in which we will neglect the bias current, 
are common for all models of ideal ferrohydrodynamics. In this case, for the medium with an arbitrary bond 
between induction ȼ and strength H of the magnetic field, the Maxwell equations can be written in the form 
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where we introduce the scalar potential \  of the magnetic field. The difference between possible models is in the 
equations of evolution of specific magnetization and the Euler equations. One of the most profound features of 
ferrohydrodynamics is assumption that spatial and temporal variations in magnetization are accompanied by 
rotational motion of the fluid. The flow vorticity originates from the micro-rotation of monodomain grains due to 
friction forces exerted by surrounding liquid. Any deviation of the macroscopic angular velocity Z
&
 of suspended 
magnetic grains from the local angular velocity of the fluid :
&
 i.e. one-half of fluid vorticity, gives rise to 
dissipation processes due to redistribution of total angular momentum between orbital and spin forms [3]. In the 
dissipative free regime we have 
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Hence, the magnetization in ideal ferrofluid with internal rotation satisfies the equation 
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In the case of frozen-in magnetization the corresponding equation may be written in the form [7] 
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The physical picture is that the magnetization lines move with the fluid while varying M
&
 is proportion to the 
stretching of the lines, so that the flux ³ sdM
&&
 through any closed loop remains constant. We continue our 
consideration with the modified equation for magnetization. 
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The behavior expressed by 001  MD
&
 is identical with Eq.(8) and the case 1,0   ab  corresponds to ideal 
ferrofluids with internal rotation. 
Initially, let us find the extended Lagrangian and extended Hamiltonian sets of the equations of motion, and then, 
based on the method of Poisson brackets, let us obtain the Hamiltonian equations of motion immediately in physical 
variables. 
The functional of action with the Lagrangian with constraints is determined by the formula 
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where the functions MD ,  and  3,2,1 DOD  are the Lagrangian multipliers, and by the twice repeating index, summa-
tion from 1 to 3 is performed. Let us further calculate variational derivatives by all fields including the Lagrangian 
multipliers and fluid velocity. We obtain the extended Lagrangian set of equations and represent it in the form 
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where the notations are obtained },,{ iiii pva I , },,{ ni msUI  , },,{ nip ODI . We do not give the explicit form of 
(11) here. For further calculations, it is necessary to know the Clebsch representation for the hydrodynamic 
momentum 
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If we then introduce generalized momentums coupled to generalized coordinates },,{ nmsUI   and construct the 
extended Hamiltonian of the system as the Legendre transformation, then we obtain that (i) the Lagrange multipliers 
in the extended Hamiltonian formalism play the role of generalized momentums ip  and (ii) the extended 
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Hamiltonian H  does not contain non physical variables, or Lagrangian multipliers, and coincides with the complete 
energy of system (2). As a result, taking into account (12), set (11) is equivalent to the extended Hamiltonian system 
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Note that the Euler equation in physical variables },,,{ vms
&&
U , on which the density of the energy of the 
nonconducting magnetic fluid depends, can be obtained immediately from sets (11) and (13), if we exclude all 
additional fields. Let us show the way in which the Hamiltonian set of equations for physical variables is obtained in 
the context of the method of Poisson brackets. The results presented below are obtained using formula (2) for the 
Hamiltonian of ferrohydrodynamics, formula (12) for the hydrodynamic momentum, and a known property of the 
Poisson bracket: 
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Calculating the reciprocal Poisson brackets for physical fields msi
&
,,,UI  taking into account (12), we obtain: 
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Therefore, the Hamiltonian equations of motion are formulated taking into account (14) and the set of commutation 
relations presented above. They have the following final form: 
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3. Discussion 
 
Felderhof and Kroh [2] derived relaxation equation for magnetization on the basis of irreversible 
thermodynamics in combination with the full set of Maxwell equations. We follow an calculation [2, 10] and found 
that the requirement of irreversible thermodynamics that the local rate of entropy production be positive definite is 
satisfied when magnetization satisfies the relaxation equation 
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with positive coefficient HJ . Equations similar to (16-17) have been discussed by other authors. For example, the 
authors of [11] for the description of ferrofluid dynamics using the following equations: 
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The first is the relaxation equation for the magnetization and the secon gives the stress tensor, defined by balance 
equations of momentum. 
In principle to make the set of equations (16-17) closed and complete one still has to determine the dissipative 
stress tensor [l,2,3,4] and rotational velocity must be expressed as 
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with rotational viscosity ] . 
 
4. Conclusion 
 
Therefore, the Hamiltonian set of equations of ideal ferrohydrodynamics with internal rotation and frozen-in 
magnetization is constructed with the use of Hamiltonian (2) of the system and of the method of Poisson brackets. 
Generalization of the theory presented will be discussed in subsequent papers. 
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